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Abstract
The growing use of cellular beams in steel construction leads
to the development of various configurations such as curved and
tapered cellular beams. In order to provide a tool predicting the
behavior of those beams for design applications, the CTICM
developed a software based on analytical formulas with adap-
tation to the curved and tapered cellular beams. Recently, the
analytical formulas were adapted to fire conditions. In this pa-
per, a nonlinear numerical model is developed and performed to
validate the analytical approach. The model is applied to curved
and tapered beams considering various opening and support
configurations in normal and fire conditions. The comparison
between the numerical and the analytical results validates and
shows the possibilities of the analytical model and its limits.
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1 Introduction
The use of cellular beams, with regularly spaced circular
openings, increases in steel construction. The openings allow
passing, through the web of the beam, conducts and services
which reduces the floor depth. Those beams are made from hot
rolled profiles and provide, for an equivalent weight of steel,
higher mechanical performances compared to the parent stan-
dard profile. The Fig. 1 illustrates the design process of a cellu-
lar beam [1]. Nowadays cellular beams can be considered as the
most popular long span system.
Kerdal and Nethercot [2] were the first authors who have de-
scribed the 6 main failure modes of castellated beams, which are
beams with uniformly distributed hexagonal openings. The fail-
ure modes can be of two categories: global and local. The global
failure modes are similar to those of full web beams such as the
lateral torsional buckling, the global shear failure or the bending
failure. The local failure modes are specific to the beams with
web openings. Three local failures can be observed: the Vieren-
deel yielding, the web-post buckling and the web-post welding
fracture.
Fig. 1. Fabrication process of cellular beam
The experimental and numerical researches led on cellular
beams revealed that their failure modes are similar to those ob-
served on castellated beams [3–5]. However, changing the open-
ing shape from hexagonal to circular shape affects the local be-
havior of the opening. As a consequence, the existing analytical
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methods developed for castellated beams were adapted to cellu-
lar beams [6–8]. These developments are based on experimental
and numerical studies performed in order to understand the be-
havior of the cellular beams and to propose analytical methods
predicting their ultimate resistances. The main studies are sum-
marized hereafter.
In general, to analyze the local behavior of beams with open-
ings, the beam lateral torsional buckling is prevented using suf-
ficient lateral supports. Thus, the main failure modes due to the
existence of large circular openings are the Vierendeel yielding
and the web-post buckling. Those failure modes are illustrated
on Fig. 2 for the case of composite cellular beams.
The evolution of the fabrication technology and the aestheti-
cal and mechanical performances implied the extension of the
fields of application of these beams. Nowadays, the cellular
beams can be designed using a variation of heights (tapered
beams) or a curvature (curved beams). For tapered cellular
beam, the fabrication uses an inclined oxy-cutting line in com-
parison with the straight beam. In the case of curved cellular
beam, the two members of the cellular beam are curved sepa-
rately before re-welding. Thus, it is necessary to well estimate
the curvature to be realized, in order to obtain circular openings
in the final curved cellular beam.
The main analytical studies performed on cellular beams led
to a common approach defining the Vierendeel yielding strength
[3, 4, 9–11]. This failure mode is relatively common and the an-
alytical methods proposed by all the authors are similar. How-
ever, for the web-post buckling, the analytical methods proposed
by the authors are different. Lawson [4] introduced a simpli-
fied method to predict the web-post buckling resistance, based
on an effective length of the compression field in the interme-
diate web-post, modeled as a strut. This method has been in-
troduced in the design guide published by RFCS [8]. However,
this method shows conservative results in comparison with fi-
nite element model results according to Wong et al. [12]. The
CTICM proposed a new analytical model to predict the web-
post buckling failure mode [11]. The model is calibrated against
the results of more than 100 numerical simulations [11] and has
been recently extended to fire conditions [13].
Fire can often be destructive for structures [14], especially
for slender structures such as cellular beams. Many research
works have been done to define the ultimate resistance of cel-
lular beams in fire conditions [15–17]. The authors agree with
the fact that the actual design rules for fire protection of cellu-
lar beams have to be improved. Indeed, one main rule, initially
proposed by the BS 5950 and still used in steel construction,
proposes a supplementary fire protection thickness of 20% in
comparison with the full web beam. This approach is conserva-
tive and leads to high costs of fire protection for cellular beams
[13].
The existing experimental and numerical studies, in fire con-
ditions, show that the main failure mode for cellular beams is the
web-post buckling due to the important loss of stiffness of steel
at high temperatures [12, 16, 17]. Thus, the prediction of the
fire resistance of cellular beams, represented by the critical tem-
perature, depends mainly on the web-post buckling resistance
under high temperatures. The analytical method developed by
the CTICM, adapted to fire conditions, allow defining the crit-
ical temperature for the web-post buckling of straight cellular
beams. These analytical methods developed for straight cellular
beams have been extended to tapered and curved beams and then
implemented in the software ACB+. The analytical model has
been validated in normal conditions [11] and in fire conditions
for straight beams [13].
The main principles of the analytical method in normal and
fire conditions, corresponding to the Vierendeel mechanism and
the web-post buckling failure modes, are presented briefly here-
after. An extension of these analytical models is done to cover
the curved and tapered beams, in normal and fire conditions.
This extension of the analytical models is validated by compar-
ison of their results with those given by the nonlinear finite ele-
ment model developed using the software SAFIR.
The finite element model developed in the present study uses
shell elements for non-linear calculations in order to predict ac-
curately the plastic behavior and the local buckling of cellular
beams. The FEM model is taken as a reference to evaluate the
accuracy of the analytical method in both normal and fire con-
ditions. Three configurations are studied, bi-supported curved
beam, bi-supported tapered beam and cantilever tapered beam,
which are common configurations for cellular beams in steel
construction and available in the analytical software. The com-
parisons, between both numerical and analytical models, con-
cern failure modes and the failure loads for normal conditions
or the critical temperatures for fire conditions.
2 Mechanical behavior of cellular beams: analytical ap-
proach
The analytical approaches predicting the resistance of cel-
lular beams are based on the comparison between the internal
forces around each opening and the local resistances. The inter-
nal forces are obtained from the global bending moment, shear
force and axial force. Two main local failure modes are con-
sidered: the Vierendeel mechanism and the web-post buckling.
The analytical methods, presented hereafter, are generally used
for straight cellular beams. They are adapted to cover the case
of curved or tapered beams. The case of fire resistance is taken
into account considering the elevation of temperature and its ef-
fect on the mechanical characteristics of materials.
2.1 Internal forces in a cellular beam
As cellular beam is composed of regularly spaced circular
openings, its behavior is assimilated to that of a Vierendeel beam
(Fig. 3). The main assumption simplifying the analysis is to con-
sider internal hinges at the mid-span of each member (Fig. 3).
This simplification can be justified by the fact that, in a Vieeren-
deel beam loaded at the nodes of the upper members, the bend-
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a) Vierendeel mechanism b) Web-post buckling mode
Fig. 2. Failure modes of composite cellular beams
ing moment diagrams in each member are bi-triangular. For the
most loaded members, the point of zero bending moment is at
the mid–length (positions of the hinges in Fig. 3). The positions
of the internal hinges simplify the analytical calculation of the
internal forces in the beam. In each hinge, the unknown forces
are the normal force NT and the shear force VEd (Fig. 4). These
internal forces are obtained from the external applied loads us-
ing Equations (1) and (2). The internal forces considered around
a circular opening are illustrated on Fig. 4.
Fig. 3. Equivalence between a cellular beam and a Vierendeel beam
Fig. 4. Local force distribution around a circular opening [19]
The internal forces NT,top, NT,bot and VEd,T of the upper and
lower members are calculated from the global bending moment
(MEd) and shear force (VEd) at the mid-length of the opening
considered using the Equations (1) and (2).
NT,top = NT,bot = MEd/dG (1)
VT,top = VT,bot = VEd/2 (2)
2.2 Vierendeel mechanism
The local failure mode in bending, called Vierendeel mecha-
nism, has been observed by Altifillish in 1957 [20].The transfer
of global shear force (VEd) is equilibrated by the formation of lo-
cal plastic hinges around the opening due to this local bending.
To check the resistance of opening, regarding this local bending,
the analytical method is based on the calculation of the internal
forces and the resistance of all the inclined Tee sections around
the opening (Fig. 4) [11]. The internal forces (NT , VT ) in the
mid-length of the opening are defined from the global bending
and shear. They are used to calculate the internal forces in each
inclined Tee section defined by the angle ϕ (Fig. 4) according
to the Equations (3) to (5) given for the top-left quarter of the
opening. The resistance of each inclined Tee sections is based on
the existing approaches considering the classification of opening
with either plastic or elastic section resistance [4, 8, 21].
Nϕ,Ed = NT,top × cos ϕ2 + VT,top × sin
ϕ
2
(3)
Vϕ,Ed = NT,top × sin ϕ2 − VT,top × cos
ϕ
2
(4)
Mϕ,Ed = VT,top × u − NT,top × v (5)
2.3 Web-post buckling
The web-post buckling is a local instability observed exper-
imentally [20] by Sherbourne in 1966, Halleux in 1967 and
Bazile and Texier in 1968. This instability is characterized by an
out of plane displacement of the web-post with double curvature
(Fig. 5).
The difference of axial forces between two openings is equili-
brated in the web-post by the horizontal shear force Vh,Ed (Equa-
tion (6)) and the moment Mh,Ed (Equation 7). This moment is
equal to zero when the openings are centered. Those internal
forces generate a local bending moment in the web-post Mc,Ed
(Equation (8)). The compressive stress σwEd due to this local
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Fig. 5. Finite element model (SAFIR) of web-post buckling and experimen-
tal observation [13]
bending moment initiates the local buckling.
Vh,Ed = Ntop,i+1 − Ntop,i (6)
Mh,Ed = (Vbot,i+1 + Vbot,i) × e2 − Vh × dlow (7)
Mc,Ed = Vh,Ed × y − Mh,Ed (8)
As the width of the sections increases with the increase of the
internal moment (Mc,Ed), it is necessary to determine the posi-
tion (dw) of the critical section. This section corresponds to the
maximum compressive stress (see Fig. 6). The Fig. 6 shows the
“X modulus” used to present the distribution of internal loads in
both sides of an intermediate web-post. This model allows de-
scribing the internal loads used for the verification of the web-
post buckling resistance.
The critical section position (dw) depends on the geometrical
characteristics of the opening [13, 22]. The maximum compres-
sive stress at this section is calculated on the free edge of the
opening and compared to the buckling stress resistance to check
the resistance of the section according to Equations (9) and (10).
σwEd ≤ κσwRd (9)
σw,Ed = 6Mc,Ed/l2wtw(1 − 4(dw/a0)2) (10)
σwRd is the principal stress resistance. Its calculation is based
on the approach of EC3-1-1. However, to take into account the
specificity of the opening, the factor k of post-critical resistance
is calibrated on the basis of numerical simulations [11]. The
curve “a” of EN1993-1-1 is used to calculate the reduction factor
χ in Equation (11). This curve has been chosen after calibration
with numerical and experimental results [11].
σw,Rd =
χξ fy
γM1
(11)
The parameters of the Equation (11) are given in the Equa-
tions (12) to (15).
χ =
1
Φ + [Φ2 + λ2]0.5
and χ ≤ 1 (12)
Φ = 0.5 ×
[
1 + 0.21 × (λ − 0.2) + λ2
]
(13)
λ =
√
ξ fyw
σwCr
(14)
Where σwCr is the critical stress for the out of plane buckling
of the intermediate web-post, and the coefficient ξ depends on
the shape of the opening. Those two parameters are calibrated
against finite element calculations [11]. Finally the verification
given in Equation (9) is used to check the buckling strength
of the intermediate web-post. Details on the calculation are
given in the references [11,22]. The adaptation of this analytical
model to the configurations of curved or tapered beams and to
fire conditions is presented hereafter.
Fig. 6. Local forces and position of the critical sections in the intermediate
web-post
Fig. 7. “X modulus” for a tapered beam [23]
2.4 Tapered and curved cellular beams
The tapered beams are characterized by the variation of the
section heights along the beam. Thus, the internal loads are dif-
ferent from those of the straight beams. The difference is par-
ticularly non negligible for tapered beams with a single slope of
the upper or the lower flange. In this case, with a vertical load,
the inclination of the neutral axis with regard to the horizontal
line creates a global axial force.
It has been decided to conserve the same approach used for
straight beams. Thus, the Vierendeel principle can be used sep-
arating the beam in different “X” elements as shown in Fig. 7.
The Fig. 7 presents the X modulus for a tapered beam with an
inclined lower flange.
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Although the global forces change, the same model can be
used for the calculation of the web-post-buckling. It can be as-
sumed that the different internal loads are in the same configura-
tion as for the straight beam and the Tee sections at the mid-span
of the opening are considered vertically.
In the curved beam, the curvature creates an axial force in
addition to the global bending moment and shear force. This
global axial force influences the internal loads around the open-
ing. Regarding the relatively small curvature to be used in the
construction, the “X modulus” of curved beam is considered as
straight one to simplify the calculations. Thus, the effect of the
curvature is considered only to evaluate the global loads: bend-
ing moment, shear force and axial force. These loads are then
distributed in the opening members with the same method as
presented for straight beams. The Vierendeel moment and the
compressive stresses for the web-post buckling are calculated
according to the approach presented here before for straight
beams.
The adaptation of the analytical method to fire conditions is
presented in the next section. Indeed, the elevation of temper-
ature changes the material characteristics, thus, it affects the
buckling strength of the intermediate web-post and the plastic
strength of the Tee sections around the opening.
2.5 Fire conditions
The analytical model used in normal conditions is extended
to cover the fire conditions. Thus, to calculate the resistance
of cellular beams under elevated temperatures, the evolutions of
the material properties are considered using the reduction factors
ky,θ (elastic limit) and kE,θ (Young modulus) of the EN1993-1-2
[21] (see Fig. 8).
It can be seen on the Fig. 8 that the elastic Young modulus
decreases faster than the elastic limit. This can explain the nu-
merous failures due to instability observed in case of elevated
temperatures. In cellular beams, the web-post buckling is the
predominant failure mode in fire.
Fig. 8. Reduction factors for the stress-strain relationship of carbon steel at
elevated temperature [21]
Even with the elevation of temperature, the verification of
each inclined Tee section to the local Vierendeel bending is sim-
ilar to that of normal conditions. However, the change is con-
sidered through the decrease of the elastic limit according to the
elevation of temperature and the possible change in the Tee sec-
tions classifications considering the reduction factor of 0.85 in
the calculation of the coefficient ε [21] (ε = 0.85 √235/ fy).
Furthermore, for the web-post buckling, the fire conditions
modify the buckling curve that has to be considered in the ana-
lytical approach to calculate the principal stress resistance. The
fire curve is chosen according to the factor α (Eq. (17)).
The web-post resistance is checked comparing the compres-
sive stress (Eq. (3)) and the principal stress resistance defined by
the Equation (4) based on the same approach as Eurocode 3-1-1
[11].
σw, f i,Rd =
χ f i · ξ · ky,θ · fy
γM1
(15)
In this case, the coefficient χ f i is defined by Equation (12) with:
Φθ =
1
2
[
1 + αλθ + λ
2
θ
]
(16)
α = 0.65
√
235
fy (17)
In the Equation (15), the parameters σw,cr and ξ defined at
normal conditions remain the same in fire conditions [13]. The
adaptation of the analytical method to fire conditions for straight
cellular beams has been validated on the basis of comparison
with finite element model results for various geometric configu-
rations [13]. In the present study, the extension of the analytical
model to the cases of curved and tapered cellular beams is done
for normal and fire conditions. The accuracy of the analytical
model is checked using a nonlinear finite element model. All
calculations made in fire conditions consider a time-temperature
curve ISO 834 for the elevation of the gas temperature (Eq. (18))
in analytical and numerical calculations.
Θg = 20 + 345 log10(8t + 1) (18)
Where [24]:
• Θg is the gas temperature in the fire compartment
• t is the time
3 Finite Element Model
A finite elements model is developed using the software
SAFIR, for tapered and cellular beams, and used as a basis to
validate the results of the analytical model in normal and fire
conditions. The model uses shell elements with four Gauss
points in the surface and six integration points in the shell thick-
ness. This model allows making nonlinear calculation, thus, it
takes in account geometrical and material nonlinearities. The
material used considers an elastic perfectly plastic law for steel.
Furthermore, in the case of elevated temperatures, the evolution
of the stress-strain curves are considered according to the pa-
rameters defined in the EN1993-1-2 [21].
The shell element is particularly efficient to represent local in-
stability with limited resources [25]. Existing studies on cellular
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beams showed that the shell elements represent well the behav-
ior of cellular beams including the local instabilities as the web-
post buckling for closely spaced circular openings [19, 26–28].
Various experimental studies have been led in order to val-
idate the application of this finite element software represent-
ing the behavior of cellular beams at normal and fire conditions.
First, Nadjai et al. validated the software through experimental
tests on composite cellular beams in fire conditions [16]. Fur-
thermore, the authors presented experimental tests on cellular
beams with sinusoidal openings in normal conditions [23]. Both
studies revealed the good capacity of the software to represent
accurately the experimental behavior and validated the model.
Therefore, this numerical tool is used to study the curved or ta-
pered cellular beams in normal and fire conditions.
Three configurations of cellular beams are studied, bi-
supported curved beam, bi-supported tapered beam (example in
Fig. 8) and cantilever tapered beam. For each case, the load is
applied uniformly on the upper flange. Furthermore, the uni-
form lateral support avoids any global lateral torsional buckling.
Therefore, both failure modes (Vierendeel mechanism and web-
post buckling) are expected to arise. The Fig. 9(a) presents an
example of boundary conditions considered for the bi-supported
tapered beam and the Fig. 9(b) shows the corresponding failure
mode due to web-post buckling.
In fire conditions, the model shows the failure mode of the
web-post buckling for a bi-supported tapered beam (Fig. 9(b)).
The time of failure of the beam is represented by the accelera-
tion of displacement on the displacement-time (or temperature)
curve.
The ultimate load obtained from the numerical model is the
maximum value in the nonlinear load-displacement curve. In
fire conditions, the applied constant load is taken equal to 30%
(usually the case for fire design) of the ultimate load given by
the analytical model at normal temperature. The temperatures
are applied uniformly and increased until the beam fails follow-
ing the iso-fire curve given in Equation (18). The ultimate state
is defined by the time of failure, corresponding to the critical
temperature. The Fig. 10 shows the time-displacement curve at
mid-span of a bi-supported tapered beam in fire condition and
the out of plane displacement of two nodes located on both crit-
ical sections in the buckled web-post.
It can be observed that the time of failure corresponds to the
web-post buckling of the cellular beam (Fig. 10). The initial part
of the time-vertical displacement curve (until 20s) corresponds
to the application of the mechanical load under normal temper-
ature. When the mechanical load of 30% (of the analytical ulti-
mate load) is reached, the heating starts and the curves show the
evolution of the vertical and lateral displacements versus time
(or temperature).
The comparisons of ultimate loads between the finite element
model and the analytical model are presented in the next section
for each beam configuration. In normal conditions, the failure
loads given by the analytical model are compared to those ob-
tained from the numerical model. In fire condition, the compar-
isons are made considering the critical temperatures.
4 Validation of the analytical model for tapered and
curved beams
The validation of the analytical model, based on the finite
element model, is done for tapered and curved beams consid-
ering normal and fire conditions. Firstly, cellular beams are
analyzed in normal conditions considering bi-supported curved
beam, bi-supported tapered beam and cantilever tapered beam.
To cover realistic cases, various geometrical configurations are
considered in the evaluation of the accuracy of the analytical
model. Thus, for each geometrical parameter, three values are
considered: two extreme values representing the maximum and
the minimum, limited by construction practice [22], and a third
value corresponding to the mean value. Secondly, the same con-
figurations of beams are studied in fire conditions.
For all types of beams, it has been decided to vary:
• the web-post width w, defined by the ratio w/a0 (a0 : opening
diameter, see Fig. 1)
• the elastic limit ( fy)
• the parent profile (IPE, HEB or HEM)
Furthermore, for curved beams, it has been decided to vary the
curvature radius R, in order to study the influence of the curva-
ture on the accuracy of the analytical model. Then, for the ta-
pered beams, in addition to the three parameters, the ratio of the
extreme heights (H0/H f ) is studied. This ratio allows studying
the accuracy of the analytical model regarding the importance of
height variation. In addition, the influence of keeping the same
opening diameter along the tapered beam length is considered.
Thus, for the bi-supported tapered beam, the opening diameter
remains constant. Whereas for the cantilever beam, the opening
diameter varies from a00 to a0 f (with a00 > a0 f , see Fig. 15). For
all the parametrical study, the differences between the analytical
and the numerical models are calculated through the ratio:
difference% = FEM Value − Analytical Value
FEM Value
× 100
A positive value of this ratio means a conservative result of the
analytical method in comparison with FEM.
4.1 Curved and tapered beams in normal conditions
In normal condition, the ultimate load given by the analytical
model is compared to that of the finite element model. A para-
metrical study is led to observe the evolution of the difference
between the models.
4.1.1 Bi-supported curved beam
The Fig. 11 shows an example of a bi-supported curved beam.
The Fig. 12 shows the differences of ultimate loads between the
finite element and the analytical models.
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a) Example of boundary conditions b) Web-post buckling failure mode
Fig. 9. Boundary conditions (a) and failure mode (b) for the FEM
Fig. 10. Vertical displacement (mid-span) and out of plane displacements in the buckled web-post (points X1 and X2)
Fig. 11. Bi-supported curved beam
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Fig. 12. Differences between the numerical and the analytical resistances for
curved beams
The Table 1 summarizes the geometrical parameters and the
failure modes of the studied configurations for both normal and
fire conditions. The configurations that were tested only in nor-
mal conditions but not in fire appear in black boxes in the last
column of the Table 1. For each test, the varied parameter is
highlighted. It can be seen that for the Vierendeel yielding, the
analytical model predicts the ultimate loads with a difference
lower than 5% in comparison with the numerical model. How-
ever, with the WPB (web-post buckling) failure modes, it ap-
pears that the differences are higher (≈ 20%).
It can be seen on Table 1 that the web-post buckling appears
for narrow web-post with low ratio w/a0. As the analytical
model considers a straight “X” modulus, to calculate the com-
pressive stresses in the web-post (see §2.4), the influence of the
curvature radius (R) is observed.
The Fig. 13 shows the differences obtained for three values of
curvature radius of curved beams. By varying the slenderness of
the web-post (ratio w/a0), the Fig. 13 points out that the differ-
ences remain the same for the studied curvature radius, but vary
according to the ratio w/a0 which influences the failure mode.
Fig. 13. Influence of the web-post width on the beams resistances with dif-
ferent curvature radius (R=30m, 90m and straight beam)
It can be seen on Fig. 13 that the application of the analyti-
cal model to curved beams gives satisfactory results regarding
the ultimate failure load in comparison with the straight beams.
Besides, the analytical model shows accurate results for curved
beams for both failure modes. However, the less accurate results
are obtained for the cases with extreme values of web-post width
(around 50mm) which correspond to very narrow web-posts. In
all cases, the analytical results are in the safe side for design
practice.
4.1.2 Bi-supported tapered beam
The Fig. 14 shows the bi-supported tapered beam with a con-
stant value of the opening diameter.
The Fig. 15 shows the differences between the analytical and
the FEM models for bi-supported tapered beams. The analyzed
configurations are shown in Table 2 and the varied parameters
are highlighted. The configurations not tested in fire appear as
black boxes in Table 2.
It can be seen on Table 2 that the failure modes of all tested
configurations concern the web-post buckling around the open-
ing with the minimum height.
The results show that the accuracy of the analytical model de-
creases with the increase of the ratio H0/H f (test n˚7, 9) and
with the use of important profiles like HEB or HEM profiles
(tests n˚12 and 14). Furthermore, the accuracy increases with
the increase of the web-post width. In all cases, the analytical
model is conservative with a maximum difference with the fi-
nite element model of 20%. However, the analytical model is
more accurate for Vierendeel yielding failure mode in compari-
son with the web-post buckling failure mode.
4.1.3 Cantilever tapered beam
In the case of the cantilever beam, the opening diameter is
varied according to the beam height. Therefore, the web-post
width varies together with the opening diameter as the eccen-
tricity between two openings remains constant. Thus, the in-
termediate web-post is rather slender at the first openings. As
a consequence, it is frequently proposed to fill the first hole as
illustrated on Fig. 16. The Fig. 16 shows the geometry studied
with various parameters.
The Table 3 summarizes the different values of the studied ge-
ometrical parameters where the varied parameter is highlighted.
The configurations not tested in fire conditions appear as black
boxes in the Table. The Fig. 17 shows the differences obtained
for the analyzed configurations.
Fig. 17. Differences (%) of ultimate loads between analytical and FEM re-
sults for the cantilever tapered beam
The web-post buckling appears to be the major failure mode
in this configuration of cantilever tapered beam. It can be clearly
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Tab. 1. Configurations of bi-supported curved cellular beams and failure modes
Test n˚ Parent profil
Elastic limit
(MPa) a0 (mm) e (mm) w/a0 Htot (mm) R (m) Failure mode FEM
Normal
conditions
Fire
conditions
15 IPE 450 460 400 500 0.25 550 30
Vierendeel
yielding
WPB
16 IPE 450 460 400 460 0.15 550 30 WPB WPB
17 IPE 450 460 400 600 0.5 550 30
Vierendeel
yielding
WPB
18 IPE 450 460 400 500 0.25 550 60
Vierendeel
yielding
19 IPE 450 355 400 500 0.25 550 60
Vierendeel
yielding
20 IPE 450 275 400 500 0.25 550 60
Vierendeel
yielding
21 IPE 450 460 400 500 0.25 550 60
Vierendeel
yielding
WPB
22 IPE 450 460 400 500 0.25 550 90
Vierendeel
yielding
WPB
23 IPE 450 460 400 500 0.25 550 30
Vierendeel
yielding
WPB
24 IPE 450 460 400 500 0.25 550 90
Vierendeel
yielding
WPB
25 IPE 450 460 400 600 0.5 550 90
Vierendeel
yielding
WPB
26 IPE 450 460 400 450 0.125 550 90 WPB WPB
27 IPE 270 460 250 312,5 0.25 370 90
Vierendeel
yielding
Vierendeel
yielding
28 HEB 280 460 250 312,5 0.25 370 90 WPB WPB
29 IPE A450 460 400 500 0.25 550 90 WPB WPB
30 HEM 280 460 235 293,75 0.25 370 90 WPB WPB
31 IPE 450 460 400 500 0.125 550 ∞ WPB
32 IPE 450 460 400 500 0.25 550 ∞ Vierendeel
yielding
33 HEB 280 460 250 312.5 0.25 370 ∞ WPB
Tab. 2. Geometrical characteristics for the bi-supported tapered beam
Test n˚ Parent profil
Elastic limit
(MPa) a0 (mm) e (mm) w/a0 H0 (mm) H f (mm) H0/H f Failure mode FEM
Normal
conditions
Fire
conditions
1 IPE 600 355 450 540 0.2 750 600 1.25 WPB WPB
2 IPE 600 355 450 648 0.44 750 600 1.25 WPB WPB
3 IPE 600 355 450 580.5 0.29 750 600 1.25 WPB WPB
4 IPE 600 355 450 580.5 0.29 750 600 1.25 WPB
5 IPE 600 460 450 580.5 0.29 750 600 1.25 WPB
6 IPE 600 235 450 580.5 0.29 750 600 1.25 WPB
7 IPE 600 355 350 450 0.29 900 500 1.8 WPB WPB
8 IPE 600 355 500 650 0.3 900 700 1.29 WPB WPB
9 IPE 600 355 250 350 0.4 900 350 2.57 WPB WPB
10 IPE 600 355 600 800 0.33 825 825 1 WPB
11 IPE 300 355 250 312.5 0.25 424.3 349.7 1.21 WPB WPB
12 HEB 300 355 250 312.5 0.25 404 341.6 1.18 WPB WPB
13 IPEA 600 355 450 580.5 0.29 750 600 1.25 WPB WPB
14 HEM 300 355 250 312.5 0.25 444 381.6 1.16 WPB WPB
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Fig. 14. Bi-supported tapered cellular beam with constant opening diameter
Fig. 15. Comparison of analytical and FEM results for the simply supported cellular beam
Fig. 16. Cantilever tapered beam with varying opening diameters
Tab. 3. Geometrical characteristics for the cantilever tapered beam and failure modes
Test n˚
Parent
profil
Elastic
limit (MPa) a00 (mm) a0 f (mm) e (mm) w/a0 H0 (mm) H f (mm) H0/H f Failure mode FEM
Normal
conditions
Fire
conditions
34 IPE 360 275 400 265 450 0.17 550 400 1.375 WPB WPB
35 IPE 360 275 400 320 500 0.28 550 400 1.375 WPB WPB
36 IPE 360 275 400 320 550 0.41 550 400 1.375
Vierendeel
yielding
WPB
37 IPE 360 275 400 320 500 0.28 550 400 1.375
Vierendeel
yielding
38 IPE 360 460 400 320 500 0.28 550 400 1.375 WPB
39 IPE 360 355 400 320 500 0.29 550 400 1.375 WPB
40 IPE 360 355 400 320 500 0.29 550 400 1.375 WPB WPB
41 IPE 600 355 500 330 553,5 0.17 1000 420 2.38 WPB WPB
42 IPE 600 355 490 380 580 0.23 950 600 1.58 WPB WPB
43 IPE 600 355 475 365.8 560 0.23 800 670 1.19 WPB WPB
44 HEB 360 355 400 320 500 0.29 550 440 1.375 WPB WPB
45 IPEA 600 355 475 365,8 560 0.29 800 670 1.19 WPB WPB
46 HEM 360 355 386.2 285.7 498.2 0.34 550 440 1.375 WPB WPB
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seen that the accuracy of the analytical model depends mostly
on the ratio of the extreme heights, H0/H f , which reveals the
importance of the neutral fiber slope (tests n˚41 and 42). The
analytical model seems less accurate for beams with the highest
values of ratio H0/H f .
It can be observed that the analytical model remain always
conservative in comparison with the FEM model. The analyt-
ical model does not consider the axial force due to the neutral
axis slope in the calculation of the horizontal shear force which
creates the web-post buckling. In the case of cantilever beams,
this axial force increases for sections close to the clamping and
this axial force is opposed to the horizontal shear force which
should reduce its impact on the web-post buckling. However
this analytical model gives acceptable results, and the important
differences obtained are usually for cases with extreme values
of web-post width or ratio H0/H f . Therefore, for standard con-
figurations of cantilever tapered cellular beams, the analytical
model can be considered validated in comparison with the finite
element model results.
The approach developed in normal conditions is applied in
fire conditions. However, as the applied load in fire remains
constant, the comparisons are performed considering the critical
temperature.
4.2 Curved and tapered beams in fire conditions
For a specified load, the critical temperature of the web-post
buckling is calculated using the analytical model presented here
above. This temperature is compared with that given by the
FEM model. In order to validate the analytical model extended
to curved or tapered beam, the configurations, analyzed in nor-
mal conditions, are modeled considering the evolution of tem-
perature and as a consequence the changes in the mechanical
characteristics of steel (see Tables 1, 2 and 3). In fire conditions,
the stiffness of steel decreases faster than the elastic limit. Thus,
buckling phenomenon are predominant compared to yielding.
As a consequence, the web-post buckling is more expected to
arise with elevated temperatures, the tables 1 to 3 give the corre-
sponding failure mode at elevated temperatures for each studied
beam.
4.2.1 Bi-supported curved beams
The finite element model shows that, as expected in fire con-
ditions, the web-post buckling is the main failure mode due to
the loss of stiffness influenced by the elevated temperature. The
Fig. 18 shows the differences between the FEM and the analyti-
cal results.
It can be observed that the analytical results remain conser-
vative for all the tests except for the n˚27. The test n˚27 corre-
sponds to the case with the formation of a local hinge by Vieren-
deel mechanism. The difference obtained (2%) show that in the
case of plastic failure, the analytical model is much more accu-
rate. The differences between the finite element model and the
analytical model are less than 7%, which show that the analyti-
Fig. 18. Differences of critical temperature between FEM and analytical
models for curved beams in fire
cal model predicts well the critical temperature even at its limits
of validity. For example, with a curvature radius of 30m near the
limits of validity of the analytical model, a good approximation
of the critical temperature is obtained.
4.2.2 Bi-supported and cantilever tapered beams
As for the previous comparative study at normal conditions,
both configurations of tapered beams, bi-supported beams (test
n˚1-14) and cantilever beams (tests n˚34-46), are considered (see
Fig. 19).
Fig. 19. Comparison of numerical and analytical results for the tapered
beams in fire
In all the studied cases, the analytical model is conservative
in comparison with the FEM model (Fig. 19). It can be observed
that the accuracy of the analytical model increases with the in-
crease of the web-post width (n˚1, 2, 3 and 34, 35, 36). Further-
more, the tests n˚7, 8, 9, 40, 41 and 42 show the influence of
the height’s variation ratio (H0/H f ). It can be observed that the
model accuracy decreases with the increase of this ratio. Gen-
erally the same comment can be made in fire or normal condi-
tions. The major differences are obtained for narrow web-posts
(w/a0 < 0.2) and tapered beams with an important variation of
heights. Furthermore, it can be noted that the accuracy of the
analytical model can be influenced by the type of section. The
models seems to be better adapted to slender profiles like IPE
than for more massive profiles such as HEB or HEM (tests n˚12,
14, 44 and 46).
In all cases, the average value of the differences between the
analytical model and the finite element model is lower than that
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of normal conditions (<10%). The analytical method for fire
conditions can be considered as validated on the basis of finite
element results.
The values of failure resistance are summarized in Table 4 for
all the studied cases in fire and normal conditions.
Tab. 4. Summary of the differences between FEM and analytical results for
the studied configurations
Configuration Average of the
differences %
Maximum
difference %
Normal condition
bi-supported
curved beam
9.18 23
bi-supported
tapered beam
24.3 41
cantilever
tapered beam
30.7 55
Fire condition
bi-supported
curved beam
1.75 6.5
bi-supported
tapered beam
7.38 11
cantilever
tapered beam
6.62 14
5 Conclusions
The existing analytical model for straight cellular beams is
extended to curved and tapered beams at normal and fire condi-
tions. A finite element model is developed using shell elements
and considering the nonlinear behavior of material and large dis-
placement. The accuracy of the analytical model is evaluated by
comparison with the finite element results. The comparisons
are performed on three configurations of beams: bi-supported
curved beam, bi-supported and cantilever tapered beams.
The comparative study pointed out many results. First, the ac-
curacy of the analytical model decreases when the failure mode
is web-post buckling in comparison with the Vierendeel plastic
mode. The adaptation of the analytical model to curved beams
shows that the differences are around 5% for the Vierendeel
yielding mode and around 20% with web-post buckling failure
mode. Besides, it is observed that the main influent parameter
on the accuracy of the model is the web-post width, which influ-
ences the failure mode (web-post buckling or not). The variation
of the curvature radius does not influence the accuracy of the an-
alytical model.
In tapered beams, the analytical model is less accurate for the
web-post buckling. The differences reached 20 to 30%. The
accuracy decreases with the decrease of the web-post width and
the increase of the extreme height ratio (H0/H f ). However, in
all cases, the analytical model gives conservative results for the
ultimate failure load with the maximum differences for extreme
geometrical parameters values. Therefore, the analytical model
can be considered validated and can be used for pre-design or
design purpose.
The adaptation of the analytical model to elevated tempera-
tures shows a good accuracy in comparison with the finite el-
ement model. In fire conditions, the web-post buckling is the
predominant failure mode. As in normal conditions, the main
parameter influencing the accuracy of the analytical model is,
for tapered or curved beams, the web-post width. Extremely
slender web-posts (w/a0 < 0.2) lead to maximum differences.
Furthermore, larger differences are observed for tapered beams
with high slopes or cellular beams designed from heavy pro-
files. However, in all cases, the mean value of the differences
remain conservative and close to the numerical model (<10%)
which permits to consider the analytical approach, for tapered
or curved beams in fire conditions, validated.
In all cases, the analytical model is conservative in compari-
son with the finite element model. Thus, it can be used in de-
sign practice. However improvements in the web-post buckling
model is to be performed in a larger database of profiles mainly
for tapered beams.
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